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..... 
The magnetic induction B at a point P of the space c~ntaining a 
ferromagnetic body is the vectorial sum of the induction ~free• effect 
of the "free currents" in the space and of the induction Bbound• effect 
of the "bound currents". 
..... ..... ..... 
B = Bfree + Bbound (l) 
"Free currents" are the currents resulting from the displacements of 
electric charges in the space (which may be controlled) and which include 
eddy currents, polarization currents and displacement currents. There are 
also displacements of electric charge in the matter which cannot be 
controlled through classical techniques (e.g. switches ••• ). These are 
the origins of the "bound currents" mentioned above. It may be shown that 
the induction at a point P in the space containing a ferromagnetic body is 
given by the formula 
..... ..... ..... ..... llo ..... 
B(r)=Bfree(r) + 4~1Vrot (2) 
..... ..... 
where r is the position vector of the point P, r' is the position vector 
either of the elementary volume dV or of the elementary surface dS, llQ is 
the permeability of vacuum, V is the vol~e of the body in the space, Si 
is the ith external surface of...,.the body, n is the unit vector perpendicular 
to the element of surface dS, M i~ the magnetization vector in the matter 
at a point defined by the vector r. 
CASE OF A CYLINDRI~AL BODY OF INFINITE LENGTH SUBJECTED TO A CONSTANT 
L~IFORM INDUCTION BFREE PARALLEL TO THE AXIS OF THE CYLINDER 
Imagine a cylindrical body of infinite length made of a continuous, 
homogeneous, isotropic material without magnetic hy~teresis. If the body 
is subjected to a constant uniform induction field Bfree parallel to the 
axis of the cylinder, the magnetization M within the material is constant 
and uniform. Its orientation is parall~l to the induction B and also 
parallel in this c~se to the induction Bfree• Recall in this case that 
!he magnetization M in the material is dependent only on the induction 
B and is parallel to this induction 
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Fig. 1. Schematic drawing of cylinder with slot. 
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Now imagine a local discontinuity in the geometry of the cylinder with 
the shape of a_,_circular slot of width 2, and of height h (Fig. 1). The 
magnetization M in the neighborhood of the defect has, under aormal 
conditions, an orientation different from_,_the orientation of Bfree; however 
at ma~netic saturation, the magnit¥de of M does not increase any_,_longer 
with Bfree and the orientation of M -t=ends to become parallel to Bfree· He 
further consider that the induction Bfree is sufficiently great so that we 
can say that in the ferromagnetic body we have obtained magnetic saturation 
~nd also that the magnetization is at each point (nearly) parallel to 
Bfree• even in the presence of the geometrical discontinuity. Then equa-
tion (2) becomes 
->- ->-B (r) 
_,_ _,_ z: l-lo (-;_-;.) 
Bfree (r) + i 411 JS. (M fl n) fl I+ ->-,13 dS 
1 r-r 
(4) 
->- ->-+ 
where Bfree is a constant ve~tor (magnitude and orientation), MAn represents 
the surface_,_current density Is on the body resulting from the "bound 
currents", Is is perpendicular to this axis of the cylinder. 
+ 
Let us calculate, under these assumptions, the induction B in the 
space outside the body and in the neighborhood of the slot. One may 
consider that at each point, the effect of the bound currents in the 
material of the cylindrical body of radius a, is equivalent to the effects 
of the currents on three coaxial solenoids (Fig. 2) 
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- The first of infinite leng-t=h and radius a with a circumferencial 
surface current density + Is. 
- The second of length or wi§th 1 and radius a with a circumferencial 
surface current density - Is, located at the same position as the 
slot. 
-The third of lengt1; or width 1 and radius (a-h), with a surface 
current density+ Is, located along the axis also at the same 
position as the slot. 
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Fig. 2. Effect of bound currents in terms of 3 coaxial solenoids. 
The effects of these three c¥rre~ts on the described solenoids are 
designated by the induction B1 , Bz and B3 respectively. At each point 
in the space we have 
~ + -+ -+ + -+ -+- + + + 
B (r) = Bfree (r) + B1 (r) + B2 (r) + B3 (r) (5) 
+ Outside the cylinder of radius a the induction B1 is zero. Inside the 
cylinder, it is constant and parallel to its axis. In the following we 
consider the components of the induction varying from point to point 
outside the cylin~er and+in the neighborhood+of the slot. The sum of the 
induction fields Bz and B3 is designated by B' 
(6) 
+ + To calculate the induction fields Bz and B3, we need a means to 
evaluate the induction resulting from a given current circulating on a 
solenoid of finite length and then to apply it to the solenoid described 
+ . in Figs. 2b and 2c. For this, we will use the vector potential A def1ned 
by the relationship 
+ + + 
B = curl (A) (7) 
It is a well known result that the vector potential corresponding to a 
current circulating on a surface is given by 
i 
+ (+r) 1-lo s 
A = 47f f S lrT dS (8) 
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where S is the surface on which the current circulates, ls is the current 
density on the surface described by the position vector r. In the case 
of a cylindrical surface_,.of finite length and of a given diameter on 
which a current densi!Y Is circulates in the circumferencial direction, 
the vector potential A at a point P in the space is perpendicular to a 
place containing the point P and the axis of the cylindrical surface. By 
selecting a coordinate system where the Z axis is the axis of the 
cylinder and the origin is located at the cente~ of the cylindrical 
surface, the magnitude of the potential vector A is given by the following 
formula [1]: 
A (9) 
where ~o_,.is the permeability of vacuum, Is is the magnitude of the current 
density Is circulating on the surface, a is the radius of the cylindrical 
surface, £ is the axial length of the cylindrical surface, and p is the 
radial coordinate of the point P. 
U = I 4ap 
(a+p ) 2 + (z-0 2 
(10) 
J 1 and J 2 are the two Legendre integrals. 
J = /rr /2 dl/1 
1 o r 2 . 2 1-L Sln 1/J 
(11) 
f rr I 2 ,---;:;-2 --
0 1-L sin 1/J d 1/J (12) 
By using this vector potential, one can calculate the c~mponents of the 
induction B'. One can also calculate the magnitude of B and tangent ¢ 
B' 
z 
1:_ A + <lA 
p Clp ( 13) 
B' <lA B -= p Clz p ( 14) 
B' IB• 2 + B'2 
z p (15) 
B' 
tg¢ p B' (16) 
z 
With the help of equation 9, the analytical expressions of the above 
components can be found. These are calculated numerically by an appropriate 
computer program. 
CALCULATION OF THE INDUCTION NEAR A CIRCULAR SLOT IN A CYLINDRICAL BODY OF 
INFINITE LENGTH t1ADE OF A FERROl~GNETIC MATERIAL SUBJECTED TO A CONSTANT 
AND UNIFORM FIELD OF INDUCTION BFREE PARALLEL TO THE AXIS OF THE CYLINDER 
To avoid taking into account the effects of hysteresis, displacement 
currents, eddy currents, and polarization currents, we consider only the 
case of a permanent induction field. We assume that the material is in 
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~uch a state of magnetic saturation that we ~an consider the magnetization 
M to be everywhere constant and parallel to Bfree· The different 
geometries considered are given in Table I. 
Diameter 
of the 
Cylindrical 
Bar 
20 
Table I. Various geometries considered. 
Width 
0,1 
0,5 
0,01 
Defect 
Height 
0,5 
1,0 
2,0 
0,5 
1,0 
2,0 
0,5 
1,0 
2,0 
Points where the 
Induction is Computed 
Radial 
Coordinate 
10,1 
10,2 
10,3 
10,4 
10,5 
Axial 
Coordinate 
0 a 1 
The un.its of length are arbitrary. The calculated values of the different 
components of the induction field near the slot are: 
+ 
- radial component of the induction+B' : B~ = BP 
- axial component of the induction B' : B~ 
- tangent of the angle between the induction B' and the direction of 
the z- axis : tg~ 
-the magnitude of the induction B' : B'. 
Figures ~ and 4 show results from circular slots of 0,1 width. The 
induction of B' is computed as if it were measured by a transductor with a 
lift-off of 0,1. 
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+ Fig. 3. Va ria tion of the r adial component of the induction B near a defect 
of width 1 = 0,1. 
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->-Fig . 4. Variation of the axial component of the induction B near a defect 
of width L = 0,1. 
Figures 5 and 6 show r esults for c ircul ar slots of different widths 
I and heights h. The values_,_of the maxima of the radia l and ax i a l 
components of the induct ion B' are represented as a funct ion of t he width 
(lift- off : 0,1). 
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Fig . 5 . Maximum values of the radial component of the induction B as a 
function of the width L of the defect . 
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Maximum values of the axial component of the induction B as a 
function of the width L of the defect. 
Figures 7 and 8 show results for circular slots of different widths 
~ 
ci 
L and heights h. The values_,.of the maxima of the radial and axial 
components of the induction B' are represented as a function of the height 
h (lift-off : 0,1). 
Bp max - o. 25 
-I 
11 JJ 0M 
- o. 20 
- 0. 15 
-0. 10 
- o. 05 
0.00 
r-
r-
-
-
Lfl 
ci 
L~O, I 
L=O,S 
L=O,Ol 
t 
0 
..: 
• 
_V_ t-t-
- -
H _.j- ( ! t---
T ,._ 
L 
I H 
Ill 
..: 
Fig. 7. 
_,. 
Maximum values of the radial component of the induction B as a 
function of the height h of the defect. 
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Fig. 8. Maximum values of the axial component of the function B as a 
function of the height H of the defect. 
Table 2 summarizes the results obtained for lift-of f values of 0,1 
and 0,5. 
Table II. Summar y of Results 
-------,,----------.-- - --·- - ·- --
B 
1 h 
p max 
* K 
-------+--------+--· ------+----------
0,1 0,5 
1 
2 
- 0,225 
- 0,234 
- 0,2 37 
B' 
z max 
* K 
0,376 
0,413 
0, 433 
H 
1- ------t--- - - ---+- - - - ----- -+------ --
Lif t-off 0,5 
0,1 
0,01 
- ------1-- --
0,01 
0, 5 
1 
2 
0,5 
1 
2 
0, 5 
1 
2 
- 0,117 
0,115 
- 0,122 
- 0,0235 
- 0,0245 
- 0,0247 
- 0,0311 
- 0,0399 
- 0,0453 
0, 201 
0, 219 
0,229 
0,041 2 
0,0448 
0,0469 
0,0481 
0,0639 
0,0760 
---+-------+---------·-- ------ ----- -
Lift-off 0,05 
0,5 
0,5 
1 
2 
- 0,0156 
- 0,0200 
- 0,02 27 
1------ --- t---------+------ ----
0,01 0,5 
1 
2 
-----""--------- - ·--·------ ---
-1 
·k K = 11 (ll I ) 0 s 
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- 0,00312 
- 0,00400 
- 0,00454 
0,0242 
0,0320 
0,0381 
0,00484 
0,00642 
0,00763 
0 
rJ 
CONCLUSIONS 
+ The induction B' near a defect in a piece of any shape can be computed 
by using formula (2) and by iteration. The initia~ion of the iteration 
process can be made by assuming the magnetization ~ to be uniform in the 
piece and par~llel to the mean vectorial value of Bfree in the piece. The 
magnitude of M is determined according to the curve M-Bfree of the 
material. 
The method has been applied in the particular case where the piece 
is a cylinder of infinite length and the material in such a magnetic state 
that the ~gnetization can be considered constant and parallel to the 
induction Bfree• In this case, the results of the computations show: 
1. Calculated values are in qualitative agreement with experiments for the 
variation of the radial component of the induction BP near a circular 
defect of rectangular shape. 
2. The variation of the axial component B~ near the defect is obtained. 
3. A linear relationship exists between the width of the circular defect 
of rectangular shape and the maximum value of the radial component of 
the induction near the defect B • This result is in agreement p max 
with experiments. 
4. A linear relationship between the width of a circular slot of rectan-
gular shape and the maximum value of the axial component B' is 
found. z max 
5. The expected relationship between the height of a circular slot of 
rectangular shape and the maximum value of the radial component of the 
induction near the defect BP max is observed. The relative effect of 
the height decreases as the height increases. 
6. The expected relationship between the height of a circular defect of 
rectangular shape and the maximum value of the axial component of the 
induction near the defect B~ max is found. The relative effect of the 
height decreases as the height increases. 
Formula (2) suggests a·possible explanation to the inversion of the 
radial component of the induction after a moderate magnetization [2] 
experimentally observed. This effect is schematically represented+in 
Fig. 9. Due to th~ finite dimensions of the piece, the induction B and 
the magnetization M are not uniform. In the case of a cylindri~al piece 
of finite diameter and length subJected to a uniform indu~tion Bfree along 
the cylinder axis, the induction B and the magnetization M are greater 
near the axis than at the periphery and at the center of the cylinder 
than close to its extremities. If the material also shows magnetic 
hysteresis resulting in remanent magnetization, one should expect, under 
appropriate conditions of magnetization, the effect described in Fig. 9. 
According to the simplified approach presented, one may ~ake into account 
approximatively the non-uniformity of the magnetization M and of its 
remanence by assuming that the magnitude of the surface current density 
of the surface in Fig. 2c is greater than the surface current density of 
the surface corresponding to Fig. 2b. It may then happen that at the 
point P of measurement the effect of the current on the surface 2b is 
lower than the effect of the current on the surface 2c, even though the 
latter is further away from the point P. In order to show this 
quantitatively, one must apply the relationship (2) by continuing the 
calculation process by successive iteration. The very first step of this 
iteration was presented in this paper. 
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SLOT DIMENSIONS 
width c 0.060" 
depth = o.oso" 
SCALING 
horizontal : RESIDUAL ofter 0.0 to 250.0 amps 
vert icol : -1.50 to + 3.00 Gauss 
AMPS 
Fig. 9. Inversion of the radial remanent induction B' after a moderate 
magnetization (after S.E. Heath). P 
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